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Figure 7.23 A king modeled using weighted subdivision in conjunction with creases. (Thanks to Scott
Schaefer for his help with this figure.)

Using crease vertices and crease edges in conjunction with weighted subdivision
allows us to model complex shapes using coarse initial meshes. Figure 7.23 shows
a high-resolution rendering of another chess piece, a king, during subdivision. This
model was created as a surface of revolution and then hand edited to add the
three-dimensional cross to the king’s head. Figure 7.24 shows a high-resolution
rendering of an umbilic torus defined via subdivision. This object was modeled as
a twisted surface of revolution in which the profile curve, a triangle with concave
edges, was rotated 2π

3 radians around its center during a single sweep around the
axis of revolution. Due to this rotation, the sharp edge on the umbilic torus is
modeled as a single crease curve that wraps around the axis of revolution three
times.

Developing subdivision rules for boundaries and creases of subdivision surfaces
is an active area of research. For example, Hoppe et al. [74] first proposed spe-
cialized rules that allow the introduction of B-spline crease curves onto triangle

Figure 2: The control mesh for Geri’s head, created by digitizing a
full-scale model sculpted out of clay.

animated. As a case in point, considerable manual effort was
required to hide the seams in the face of Woody, a principal
character in Toy Story.

Subdivision surfaces have the potential to overcome both of these
problems: they do not require trimming, and smoothness of the
model is automatically guaranteed, even as the model animates.
The use of subdivision in animation systems is not new, but for a

variety of reasons (several of which we address in this paper), their
use has not been widespread. In the mid 1980s for instance, Sym-
bolics was possibly the first to use subdivision in their animation
system as a means of creating detailed polyhedra. The LightWave
3D modeling and animation system from NewTek also uses subdi-
vision in a similar fashion.
This paper describes a number of issues that arose when we

added a variant of Catmull-Clark [2] subdivision surfaces to our
animation and rendering systems, Marionette and RenderMan [17],
respectively. The resulting extensions were used heavily in the cre-
ation of Geri (Figure 1), a human character in our recently com-
pleted short film Geri’s game. Specifically, subdivision surfaces
were used to model the skin of Geri’s head (see Figure 2), his hands,
and his clothing, including his jacket, pants, shirt, tie, and shoes.
In contrast to previous systems such as those mentioned above,

that use subdivision as a means to embellish polygonal models, our
system uses subdivision as a means to define piecewise smooth sur-
faces. Since our system reasons about the limit surface itself, polyg-
onal artifacts are never present, no matter how the surface animates
or how closely it is viewed.
The use of subdivision surfaces posed new challenges through-

out the production process, from modeling and animation to ren-
dering. In modeling, subdivision surfaces free the designer from
worrying about the topological restrictions that haunt NURBSmod-
elers, but they simultaneously prevent the use of special tools that
have been developed over the years to add features such as variable
radius fillets to NURBS models. In Section 3, we describe an ap-
proach for introducing similar capabilities into subdivision surface
models. The basic idea is to generalize the infinitely sharp creases
of Hoppe et. al. [10] to obtain semi-sharp creases – that is, creases
whose sharpness can vary from zero (meaning smooth) to infinite.
Once models have been constructed with subdivision surfaces,

the problems of animation are generally easier than with corre-
sponding NURBS surfaces because subdivision surface models are
seamless, so the surface is guaranteed to remain smooth as the
model is animated. Using subdivision surfaces for physically-based

(a) (b)

(c) (d)

Figure 3: Recursive subdivision of a topologically complicated
mesh: (a) the control mesh; (b) after one subdivision step; (c) after
two subdivision steps; (d) the limit surface.

animation of clothing, however, poses its own difficulties which we
address in Section 4. First, it is necessary to express the energy
function of the clothing on subdivision meshes in such a way that
the resulting motion does not inappropriately reveal the structure
of the subdivision control mesh. Second, in order for a physical
simulator to make use of subdivision surfaces it must compute col-
lisions very efficiently. While collisions of NURBS surfaces have
been studied in great detail, little work has been done previously
with subdivision surfaces.
Having modeled and animated subdivision surfaces, some

formidable challenges remain before they can be rendered. The
topological freedom that makes subdivision surfaces so attractive
for modeling and animation means that they generally do not
admit parametrizations suitable for texture mapping. Solid tex-
tures [12, 13] and projection textures [9] can address some pro-
duction needs, but Section 5.1 shows that it is possible to go a good
deal further by using programmable shaders in combination with
smooth scalar fields defined over the surface.
The combination of semi-sharp creases for modeling, an appro-

priate and efficient interface to physical simulation for animation,
and the availability of scalar fields for shading and rendering have
made subdivision surfaces an extremely effective tool in our pro-
duction environment.

2 Background
A single NURBS surface, like any other parametric surface, is lim-
ited to representing surfaces which are topologically equivalent to
a sheet, a cylinder or a torus. This is a fundamental limitation for
any surface that imposes a global planar parameterization. A single
subdivision surface, by contrast, can represent surfaces of arbitrary
topology. The basic idea is to construct a surface from an arbitrary
polyhedron by repeatedly subdividing each of the faces, as illus-
trated in Figure 3. If the subdivision is done appropriately, the limit
of this subdivision process will be a smooth surface.
Catmull and Clark [2] introduced one of the first subdivision

schemes. Their method begins with an arbitrary polyhedron called
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Computação Visual

2 CAPÍTULO 1: INTRODUÇÃO

tenha feito um curso básico de álgebra linear, cursos de cálculo de uma e de várias
variáveis, e que possua conhecimentos de estrutura de dados e teoria de algoritmos.

Desse modo, o livro difere de um texto avançado por fazer um tratamento horizontal da
área e optar pela utilização de modelos matemáticos elementares na solução dos diversos
problemas. Vale ressaltar que a conceituação utilizada no livro se aplica igualmente bem
independente dos modelos matemáticos utilizados.

1 Dados, imagem e computação gráfica

Desde sua origem, a Computação Gráfica estuda os métodos que permitem a visualiza-
ção de informações armazenadas na memória do computador. Como praticamente não
existem limitações na origem ou natureza desses dados, a Computação Gráfica é hoje
utilizada por pesquisadores e usuários das mais diversas áreas de conhecimento.

Uma prática mais interessante, e cada vez mais adotada atualmente, consiste em cha-
mar genericamente de Computação Gráfica ao conjunto de técnicas e métodos que tratam
da manipulação de dados ou imagens no computador. Esses problemas são agrupados
em torno de diversas áreas, que se constituem pois em sub-áreas da computação gráfica.

Uma visão interessante dessas áreas da computação gráfica pode ser obtida tomando
como base a natureza dos objetos manipulados em cada uma delas, conforme ilustramos
no diagrama na Figura 1.

A Modelagem Geométricatrata do problema de descrever e estruturar dados geomé-
tricos no computador.

A área de Síntese de Imagenstambém é conhecida pelo nome de Visualização. As
técnicas dessa área utilizam dados gerados por um sistema de modelagem geométrica e
o produto final é uma imagem que pode ser exibida mediante o uso de algum dispositivo

Figura 1. Computação Gráfica.

Gomes–Velho
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coordenadas álgebra + geometria
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Geometria anaĺıtica

Fermat (1636, 1679)

Descartes (1637)

coordenadas álgebra + geometria

fórmulas ←→ formas

finito ←→ infinito

2x2 + 4xy+ 7y2 = 11



Geometria anaĺıtica

Fermat (1636, 1679)

Descartes (1637)

coordenadas álgebra + geometria

fórmulas ←→ formas

finito ←→ infinito

0.004+0.110x−0.177y−0.174x2+0.224xy−0.303y2

−0.168x3+0.327x2y−0.087xy2−0.013y3+0.235x4

−0.667x3y+0.745x2y2−0.029xy3+0.072y4 = 0



Geometria anaĺıtica •
Fermat (1636, 1679)

Descartes (1637)

coordenadas álgebra + geometria

fórmulas ←→ formas

finito ←→ infinito

r = sin(2θ) + sin(5θ) + 2 x = r cos(θ)
y = r sin(θ)
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Geometria anaĺıtica

v 0.348799 -0.334989 -0.0832331

v 0.313132 -0.399051 0.881192

v 0.266758 0.181628 0.122726

v 0.229555 0.0663178 0.828702

v 0.353623 -0.0486456 0.443969

v 0.335878 -0.384495 0.425693

v 0.305362 0.0307983 -0.00655663

v 0.279611 -0.0552387 0.858547

v 0.266719 0.10578 0.46681

v 0.149341 -0.451522 0.166423

v 0.12606 -0.162036 -0.185668

v 0.114009 -0.358339 -0.0759521

v 0.101546 -0.475382 0.663157

v 0.240757 -0.435635 0.421981

v 0.385825 -0.174501 0.180766



Geometria anaĺıtica

f 6 735 739 738

f 189 736 739 735

f 193 737 739 736

f 192 738 739 737

f 14 740 743 742

f 190 741 743 740

f 193 736 743 741

f 189 742 743 736

f 10 744 747 746

f 191 745 747 744

f 193 741 747 745

f 190 746 747 741

f 16 748 750 749

f 192 737 750 748

f 193 745 750 737
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Geometria sólida construtiva CSG
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Representação por fronteira 3D
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Métodos de decomposição

decomposição celular

= discretização
amostragem do objeto
estruturação em células

decomposição intŕınsica

geometria do objeto
poligonização

decomposição extŕınsica

localização do objeto
enumeração espacial
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decomposição intŕınsica
amostragem + estruturação
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Quadtree Finkel–Bentley (1974)

ar6
TRAVERSAL-BASED QUADTREE REPRESENTATIONS

• Preorder traversal of the nodes in the quadtree

• Result is a string over the alphabet (DF-expression):

 G = GRAY node    B = BLACK node    W = WHITE node

• Ex:  NW, NE, SW, SE traversal order

1
b

• Drawback:  random access is impossible (e.g., for 
neighbor finding — m ust always start at the first element 
in the list and visit all elements prior to the one being 
searched for

• Useful whenever have to process entire set of nodes in 
preorder (e.g., NW, NE, SW, SE)
1. centroid computation
2. set-theoretic operations
3. image transformations involving translation, rotation, 

scaling
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Bintree Tamminen et al. (1984)

ar1

BINTREES (Tamminen, Knowlton)

• In higher dimensions (e.g., >3) branching factor of
quadtree and octree is too high

• Bintree:  regular decomposition binary tree for high
dimensional data
1. at each level split on the basis of another attribute
2. cycle through the attributes at the different levels

• Ex:
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curva = fronteira da região

f(x,y) = 0

região
f(x,y) ⩽ 0

• amostrar fronteira

• amostrar interior

• classificação de pontos

• classificação de caixas
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Teorema do valor intermediário Bolzano (1817)

f : Ω ⊆ R→ R cont́ınua

[a,b] ⊆ Ω

f(a) > 0

f(b) < 0

=⇒ existe x∗ ∈ (a,b) tal que f(x∗) = 0
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Teorema do valor intermediário Bolzano (1817)

f : Ω = R→ R dada por f(x) = x2 − 2 é cont́ınua

[0, 2] ⊆ Ω

f(0) < 0

f(2) > 0

=⇒ existe r ∈ (0, 2) tal que f(r) = 0, isto é, r2 = 2 r =
√
2
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Teorema do valor intermediário – prova construtiva: método da bisseção

a0 = a, b0 = b f(a) > 0, f(b) < 0

m =
an + bn

2

se f(m) = 0: x∗ = m fim

se f(m) > 0: an+1 = m, bn+1 = bn bn+1 − an+1 =
bn − an

2

se f(m) < 0: an+1 = an, bn+1 = m [an+1,bn+1] ⊆ [an,bn]

f(an) > 0, f(bn) < 0 invariante

a = a0 ⩽ a1 ⩽ a2 ⩽ · · · ⩽ an ⩽ · · · ⩽ bn ⩽ · · · ⩽ b2 ⩽ b1 ⩽ b0 = b

=⇒ x∗ = liman = limbn, f(x∗) = 0 bn − an =
b− a

2n
→ 0
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Marching cubes Lorensen–Cline (1987)
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Marching squares
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Marching squares – casos omissos



Região impĺıcita – fronteira



Região impĺıcita – fronteira ponto médio



Região impĺıcita – fronteira interpolação linear



Região impĺıcita – fronteira bisseção
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Enumeração espacial semi-adaptativa podada Suffern (1990)
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Enumeração espacial semi-adaptativa Suffern (1990)



Localizando ponto em relação a poĺıgono W. Randolph Franklin



Enumeração espacial semi-adaptativa Suffern (1990)



Oráculos intervalares

f : Ω ⊆ Rn → R

X = X1 × · · · × Xn ⊆ Ω

oráculo: intervalo F(X) ⊆ R

F(X) ⊇ f(X) = {f(x) : x ∈ X}

xi ∈ Xi =⇒ f(x1, . . . , xn) ∈ F(X)

0 ̸∈ F(X) =⇒ 0 ̸∈ f(X)

prova computational

f(x) = 0 não tem solução em X



Oráculos intervalares

f : Ω ⊆ Rn → R

X = X1 × · · · × Xn ⊆ Ω
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Oráculos intervalares

f : Ω ⊆ Rn → R

X = X1 × · · · × Xn ⊆ Ω

oráculo: intervalo F(X) ⊆ R

F(X) ⊇ f(X) = {f(x) : x ∈ X}

xi ∈ Xi =⇒ f(x1, . . . , xn) ∈ F(X)

0 ̸∈ F(X) =⇒ 0 ̸∈ f(X)

prova computational

f(x) = 0 não tem solução em X
F(X) ⊋ f(X)



Oráculos intervalares

aritmética intervalar Moore (1966)

formas de valor médio Caprani–Madsen (1980)

aritmética afim Comba–Stolfi (1993)

formas de Taylor Berz et al. (1996)
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Aritmética intervalar

[a,b] ⋆ [c,d] = {x ⋆ y : x ∈ [a,b],y ∈ [c,d]}

= [min(x ⋆ y), max(x ⋆ y)]

[a,b] + [c,d] = [a+ c,b+ d]

[a,b] − [c,d] = [a− d,b− c]

[a,b]× [c,d] = [min(ac,ad,bc,bd), max(ac,ad,bc,bd)]

[a,b] / [c,d] = [a,b]× [1/d, 1/c]

[a,b]2 = [min(a2,b2), max(a2,b2)] se 0 /∈ [a,b]

[a,b]2 = [0,max(a2,b2)] se 0 ∈ [a,b]

exp [a,b] = [exp(a), exp(b)]

uso conveniente via sobrecarga de operadores
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Região impĺıcita – método intervalar Suffern–Fackerell (1991), Snyder (1992)



Região impĺıcita – método intervalar

“When you have eliminated the impossible,
whatever remains, however improbable,

must be the truth.”

—Sherlock Holmes inThe Sign of Four
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Região impĺıcita – método intervalar h́ıbrido
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Região impĺıcita – método intervalar h́ıbrido otimista
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objetos paramétricos



Curva paramétrica

curva = fronteira da região

γ : [a,b]→ R2

γ(t) = (x(t),y(t))

• amostrar fronteira

• amostrar interior

• classificação de pontos

• classificação de caixas
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Curva paramétrica – amostragem uniforme no doḿınio
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Curva paramétrica – amostragem uniforme no doḿınio
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Curva paramétrica – amostragem adaptativa
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representação de malhas



Representação de malhas: sopa de poĺıgonos STL

conjunto de faces sem organização

vértices não compartilhados

dif́ıcil de editar

geometria das faces

Bogoşel

f
−1 1 −1
1 1 1
1 −1 −1
f

−1 −1 1
−1 1 −1
1 −1 −1
f
1 −1 −1
1 1 1

−1 −1 1
f

−1 −1 1
1 1 1

−1 1 −1



Representação de malhas: geometria + topologia OBJ

conjunto de faces sem organização

vértices compartilhados

mais fácil de editar

geometria dos vértices

topologia das faces

Bogoşel

geometria
v 1 1 1
v −1 1 −1
v 1 −1 −1
v −1 −1 1

topologia
f 1 2 3
f 2 4 3
f 1 3 4
f 1 4 2



Representação de malhas: geometria + topologia + adjacências

conjunto de faces com organização

vértices compartilhados

menos fácil de editar

geometria dos vértices

topologia das faces

Bogoşel

geometria
v 1 1 1
v −1 1 −1
v 1 −1 −1
v −1 −1 1

topologia
f 1 2 3

2 3 4
f 2 4 3

3 1 4
f 1 3 4

2 4 1
f 1 4 2

2 1 3



Representação de malhas de triângulos

1 2

3 45

6

1

23

4

1 1 2 3
2 3 4

2 2 4 3
• 1 •

3 1 3 5
• • 1

4 1 6 2
• 1 •



Representação de malhas de triângulos

1 2
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1 1 2 3
2 3 4

2 2 4 3
• 1 •

3 1 3 5
• • 1

4 1 6 2
• 1 •
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Superf́ıcie paramétrica

superf́ıcie = fronteira da região

f : Ω ⊆ R2 → R3 Ω = [a,b]× [c,d]

f(u, v) = (x(u, v),y(u, v), z(u, v))

discretização da superf́ıcie = discretização do doḿınio
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Superf́ıcie paramétrica – discretização do doḿınio
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Superf́ıcie paramétrica – discretização do doḿınio



Superf́ıcie paramétrica – representação

19 20 21 22 23 24
13 14 15 16 17 18
7 8 9 10 11 12
1 2 3 4 5 6

f 1 2 8 7
f 2 3 9 8
f 3 4 10 9
f 4 5 11 10
f 5 6 12 11
f 7 8 14 13
f 8 9 15 14
f 9 10 16 15
f 10 11 17 16
f 11 12 18 17
f 13 14 20 19
f 14 15 21 20
f 15 16 22 21
f 16 17 23 22
f 17 18 24 23



Superf́ıcie paramétrica – representação

19 20 21 22 23 24
13 14 15 16 17 18
7 8 9 10 11 12
1 2 3 4 5 6

f 1 2 8
f 1 8 7
f 2 3 9
f 2 9 8
f 3 4 10
f 3 10 9
f 4 5 11
f 4 11 10
f 5 6 12
f 5 12 11
f 7 8 14
f 7 14 13
f 8 9 15
f 8 15 14
f ...



Superf́ıcie de revolução

f(u, v) = (v cos(u), v sin(u),g(v)) g(x) = −4
9
x6 + 17

9
x4 − 22

9
x2 + 1

u ∈ [0, 2π], v ∈ [0, 1.6]



Superf́ıcie de revolução – representação

16 17 18 19 20 16
11 12 13 14 15 11
6 7 8 9 10 6
1 2 3 4 5 1

f 1 2 7 6
f 2 3 8 7
f 3 4 9 8
f 4 5 10 9
f 5 1 6 10
f 6 7 12 11
f 7 8 13 12
f 8 9 14 13
f 9 10 15 14
f 10 6 11 15
f 11 12 17 16
f 12 13 18 17
f 13 14 19 18
f 14 15 20 19
f 15 11 16 20



Superf́ıcie de revolução

Warren–Weimer



Retalho bilinear

vértices do bordo
p00, p10, p01, p11

interpolação bilinear

f(u, v) = (1− u)(1− v)p00 + u(1− v)p10 + (1− u)v p01 + uvp11

u, v ∈ [0, 1]

paraboloide hiperbólico

F
ar
in



Retalho de Coons Coons (1967)
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curvas de bordo
α0, α1, β0, β1 : [0, 1]→ R3

vértices do bordo
p00, p10, p01, p11

superf́ıcies regradas

A(u, v) = (1− v)α0(u) + vα1(u)
B(u, v) = (1− u)β0(v) + uβ1(v)

interpolação bilinear

C(u, v) = (1− u)(1− v)p00 + u(1− v)p10 + (1− u)v p01 + uvp11

f(u, v) = A(u, v) + B(u, v) − C(u, v)

u, v ∈ [0, 1]



Superf́ıcie paramétrica – discretização do doḿınio



Superf́ıcie paramétrica – discretização do doḿınio: quadtree
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Superf́ıcie paramétrica – discretização do doḿınio: quadtree



Superf́ıcie paramétrica – discretização do doḿınio: quadtree triangulada
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Malha 4-8 adaptativa



Malha 4-8 adaptativa – curva impĺıcita



Malha 4-8 – representação

1 2

34

1

2

v 1 0 0 0
v 2 1 0 0
v 3 1 1 0
v 4 0 1 0

v 5 0.5 0.5 0

f 1 2 3 1

×

2 – –
f 2 4 1 3

×

1 – –

f 3 5 2 3
– 5 4

f 4 5 1 2
– 3 6

f 5 5 3 4
– 6 3

f 6 5 4 1
– 4 5



Malha 4-8 – representação

1 2

34

5 3

4

5

6

v 1 0 0 0
v 2 1 0 0
v 3 1 1 0
v 4 0 1 0
v 5 0.5 0.5 0

f 1 2 3 1 ×
2 – –

f 2 4 1 3 ×
1 – –

f 3 5 2 3
– 5 4

f 4 5 1 2
– 3 6

f 5 5 3 4
– 6 3

f 6 5 4 1
– 4 5



Malha 4-8 adaptativa – superf́ıcie paramétrica

f(u, v) = (u, v,g(u)) g(u) = −4
9
x6 + 17

9
x4 − 22

9
x2 + 1



Malha 4-8 adaptativa – superf́ıcie paramétrica
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Malha 4-8 adaptativa – superf́ıcie paramétrica



Malha 4-8 adaptativa – superf́ıcie paramétrica



Superf́ıcie paramétrica – representação OBJ

geometria

v -0.25 -0.75 0.8544921875

v -0.5 -0.5 0.5

v -0.5 -1.0 0.5

v -0.25 -0.25 0.8544921875

v -0.5 0.0 0.5

v 0.25 -0.75 0.8544921875

v 0.5 -1.0 0.5

v 0.5 -0.5 0.5

v 0.25 -0.25 0.8544921875

v 0.5 0.0 0.5

v -0.75 -0.25 0.1435546875

v -0.75 -0.75 0.1435546875

v 0.75 -0.75 0.1435546875

v 0.75 -0.25 0.1435546875

v 0.25 0.75 0.8544921875

...

topologia

f 1 2 3

f 4 5 2

f 6 7 8

f 9 8 10

f 11 2 5

f 12 3 2

f 13 8 7

f 14 10 8

f 15 16 17

f 18 10 16

f 19 20 21

f 22 21 5

f 23 16 10

f 24 17 16

f 25 21 20

...



Subdivisão de triângulos
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Subdivisão de triângulos



Subdivisão de triângulos



Subdivisão de triângulos •



curvas e superf́ıcies de forma livre



Requisitos para representação de formas

pontos de controle

intŕınsica

versatilidade

controle de continuidade

controle local

redução de variação

Newman–Sproull, Principles of Interactive Computer Graphics (1979)
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Requisitos para representação de formas

pontos de controle

intŕınsica

versatilidade

controle de continuidade

controle local

redução de variação

Newman–Sproull, Principles of Interactive Computer Graphics (1979)

M 146.75 138.5

Q 118.0 129.0 99.25 117.5

Q 63.25 95.25 63.25 67.0

Q 63.25 44.25 78.25 33.5

Q 88.0 26.5 100.0 26.5

Q 116.5 26.5 131.625 35.75

Q 146.75 45.0 146.75 59.25

L 146.75 138.5

M 18.75 49.75

Q 18.75 86.0 55.0 110.25

Q 78.0 125.25 146.75 151.0

L 146.75 172.25

Q 146.75 197.75 141.75 207.75

Q 133.25 224.5 106.5 224.5

Q 93.75 224.5 82.25 218.0

...



Aumento de variação

Wikipedia



Aumento de variação



Objetos paramétricos

curvas paramétricas

γ : [a,b]→ R2 γ(t) = (x(t),y(t))

γ : [a,b]→ R3 γ(t) = (x(t),y(t), z(t))

superf́ıcies paramétricas

σ : [a,b]× [c,d]→ R3 σ(u, v) = (x(u, v),y(u, v), z(u, v))

funções polinomiais e racionais avaliação computacional exata e eficiente



Objetos paramétricos

curvas paramétricas

γ : [a,b]→ R2 γ(t) = (x(t),y(t))
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Funções polinomiais

avaliação ingênua

f(t) = a0 + a1t+ a2t
2 + a3t

3 + · · ·+ ant
n

v← 0
v← v+ a0

v← v+ a1 t
v← v+ a2 t

2

v← v+ a3 t
3

· · · tk = pow(t, k)
v← v+ an tn

v = f(t)



Funções polinomiais

avaliação menos ingênua

f(t) = a0 + a1t+ a2t
2 + a3t

3 + · · ·+ ant
n

v← 0 s← 1
v← v+ a0 s s← s t
v← v+ a1 s s← s t
v← v+ a2 s s← s t
v← v+ a3 s s← s t
· · · tk+1 = tk · t, t0 = 1

v← v+ an s s← s t

v = f(t)



Funções polinomiais

avaliação eficiente Horner

f(t) = a0 + a1t+ a2t
2 + a3t

3 + · · ·+ ant
n

= a0 + t (a1 + t (a2 + t (a3 + · · ·+ t(an−1 + t an) · · · )))

v← an

v← an−1 + t v
· · ·

v← a3 + t v
v← a2 + t v
v← a1 + t v
v← a0 + t v fused multiply–add (FMA)

v = f(t)



Funções polinomiais

interpretação dos coeficientes

f(t) = a0 + a1t+ a2t
2 + a3t

3 + · · ·+ ant
n

expansão de Taylor em torno de t = 0

ak =
f(k)(0)

k!

informação pontual profunda determina forma global não intuitivo



Curvas polinomiais

interpretação dos coeficientes

x(t) = a0 + a1t+ a2t
2 + a3t

3 + · · ·+ ant
n

y(t) = b0 + b1t+ b2t
2 + b3t

3 + · · ·+ bnt
n

γ(t) = P0 + P1t+ P2t
2 + P3t

3 + · · ·+ Pnt
n Pk = (ak,bk)

= P0 + tP1 + t2P2 + t3P3 + · · ·+ tnPn

combinação linear de pontos de controle com pesos 1, t, t2, t3, . . . , tn

não intuitivo

como escolher pontos de controle e pesos intuitivos?
coeficientes geométricos
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curvas de Hermite



Continuidade geométrica

α,β : [0, 1]→ Rd

continuidade C0

α(1) = β(0)

continuidade C1 paramétrica
α ′(1) = β ′(0)

continuidade G1 geométrica
α ′(1) ∥ β ′(0)



Continuidade C0 α(1) = β(0)



Continuidade paramétrica C1 α ′(1) = β ′(0)



Continuidade geométrica G1 α ′(1) ∥ β ′(0)



Continuidade geométrica G1 α ′(1) ∥ β ′(0)



Continuidade geométrica



Continuidade geométrica



Continuidade geométrica



Continuidade geométrica



Continuidade geométrica



Continuidade geométrica



Cúbica de Hermite

pontos extremos p0,p1

vetores tangentes v0, v1

γ : [0, 1]→ Rd

γ(0) = p0

γ(1) = p1

γ ′(0) = v0

γ ′(1) = v1
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Cúbica de Hermite

γ : [0, 1]→ Rd γ(0) = p0, γ(1) = p1, γ ′(0) = v0, γ ′(1) = v1

γ(t) = a0 + a1t+ a2t
2 + a3t

3 ak ∈ Rd

γ 7→ (γ(0),γ(1),γ ′(0),γ ′(1)) transformação linear




1 0 0 0
1 1 1 1
0 1 0 0
0 1 2 3







a0

a1

a2

a3


 =




p0

p1

v0
v1


 =⇒




a0

a1

a2

a3


 =




1 0 0 0
0 0 1 0

−3 3 −2 −1
2 −2 1 1







p0

p1

v0
v1




γ(t) = p0 + v0t+ (−3p0 + 3p1 − 2v0 − v1)t
2 + (2p0 − 2p1 + v0 + v1)t

3
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Cúbica de Hermite

γ : [0, 1]→ Rd γ(0) = p0, γ(1) = p1, γ ′(0) = v0, γ ′(1) = v1

γ(t) = a0 + a1t+ a2t
2 + a3t

3

γ(t) = p0 + v0t+ (−3p0 + 3p1 − 2v0 − v1)t
2 + (2p0 − 2p1 + v0 + v1)t

3

monomial

= (2t3 − 3t2 + 1)p0 + (−2t3 + 3t2)p1 + (t3 − 2t2 + t)v0 + (t3 − t2)v1

Hermite

= B3[p0,p0 +
1
3
v0,p1 −

1
3
v1,p1] Bézier
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Cúbica de Hermite
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Base de Hermite

Wikipedia



Base de Hermite

γ(t) = (2t3 − 3t2 + 1)p0 + (−2t3 + 3t2)p1 + (t3 − 2t2 + t)v0 + (t3 − t2)v1

= H1(t)p0 +H2(t)p1 +H3(t) v0 +H4(t) v1
pontos de controle mistos

f H1 H2 H3 H4

f(0) 1 0 0 0

f(1) 0 1 0 0

f ′(0) 0 0 1 0

f ′(1) 0 0 0 1 H1(t) = H2(1− t), H3(t) = −H4(1− t)

base dual



Cúbica de Hermite geométrica

pontos extremos p0,p1

direções tangentes v0, v1

γ : [0, 1]→ Rd

γ(0) = p0

γ(1) = p1

γ ′(0) = λ0v0 λ0, λ1 ∈ R a determinar

γ ′(1) = λ1v1

γ(t∗) = p∗ d = 2: t∗ dado / d = 3: equação cúbica em t∗



Cúbica de Hermite geométrica

pontos extremos p0,p1

direções tangentes v0, v1

γ : [0, 1]→ Rd

γ(0) = p0

γ(1) = p1

γ ′(0) = λ0v0 λ0, λ1 ∈ R a determinar

γ ′(1) = λ1v1

γ(t∗) = p∗ d = 2: t∗ dado / d = 3: equação cúbica em t∗



curvas de Bézier



Formulação geométrica

de Casteljau (Citroën, 1959) interpolação linear repetida

Bézier (Renault, 1967) ponto + deslocamentos

Forrest (1972) polinômios de Bernstein

Boehm (1975) de Casteljau



Formulação geométrica de Casteljau (Citroën, 1963)

P = λ3A+ 3λ2µB+ 3λµ2C+ µ3D, λ+ µ = 1, λ = 1− µ, µ ∈ [0, 1]



Formulação geométrica de Casteljau (Citroën, 1963)

interpolação linear

lerp(t, v0, v1) = (1− t)v0 + tv1

lerp(t,P0,P1) = (1− t)P0 + tP1 segmento se t ∈ [0, 1]

interpolação linear repetida

A

L = lerp(t,A,B) I = lerp(t,L,M) P = lerp(t, I, J)

B

M = lerp(t,B,C) J = lerp(t,M,N)

C

N = lerp(t,C,D)

D

P = (1− t)3A+ 3(1− t)2tB+ 3(1− t)t2C+ t3D
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A

L = lerp(t,A,B) I = lerp(t,L,M) P = lerp(t, I, J)

B

M = lerp(t,B,C) J = lerp(t,M,N)

C

N = lerp(t,C,D)

D

P = (1− t)3A+ 3(1− t)2tB+ 3(1− t)t2C+ t3D
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Formulação geométrica Bézier (Renault, 1967)

ponto + deslocamentos: B(t) = p0 +

n∑
k=1

fnk (t)ak

Farouki



Formulação geométrica Bézier (Renault, 1967)

ponto + deslocamentos: B(t) = p0 +

n∑
k=1

fnk (t)ak

fnk polinômio de grau n

fnk (0) = 0

fnk (1) = 1

(fnk )
(r)(0) = 0, r = 1, . . . ,k− 1

(fnk )
(r)(1) = 0, r = 1, . . . ,n− k

interpolação de Hermite–Birkhoff L
a
u
re
n
t–
S
a
b
lo
n
n
iè
re

Onésime Duran



Formulação geométrica Forrest (1972)

B(t) = p0 +
∑n

k=1 f
n
k (t)ak

pk = p0 +
∑k

j=1 aj poĺıgono de controle

ak = pk − pk−1

B(t) =

n∑
k=0

Bn
k (t)pk curva de Bézier

Bn
k (t) = fnk (t) − fnk+1(t)

Bn
k (t) =

(
n

k

)
(1− t)n−k tk polinômios de Bernstein

Farouki



Curvas de Bézier

B(t) =

n∑
k=0

Bn
k (t)pk

B0(t) = p0

B1(t) = (1− t)p0 + t p1

B2(t) = (1− t)2 p0 + 2(1− t)t p1 + t2 p2

B3(t) = (1− t)3 p0 + 3(1− t)2t p1 + 3(1− t)t2 p2 + t3 p3 demo



Polinômios de Bernstein

Bn
k (t) =

(
n

k

)
(1− t)n−k tk

n

0 1

1 1− t t

2 (1− t)2 2(1− t)t t2

3 (1− t)3 3(1− t)2t 3(1− t)t2 t3

k 0 1 2 3

n = 1
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Polinômios de Bernstein
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Polinômios de Bernstein •

Bn
k (t) =

(
n

k

)
(1− t)n−k tk

n

0 1

1 1− t t

2 (1− t)2 2(1− t)t t2

3 (1− t)3 3(1− t)2t 3(1− t)t2 t3

k 0 1 2 3

n = 5



Teorema de aproximação Weierstrass (1885)

Dada f ∈ C[0, 1], para todo ε > 0 existe um polinômio p tal que
∣∣f(t) − p(t)

∣∣ < ε para todo t ∈ [0, 1]

Equivalentemente, existe uma sequência de polinômios pn tal que

lim
n→∞pn = f uniforme

prova construtiva: Bernstein (1912)

Bn(f)(t) =

n∑
k=0

f

(
k

n

)
Bn
k (t) =⇒ lim

n→∞Bn(f) = f uniforme

f ∈ Cr =⇒ lim
n→∞Bn(f)

(r) = f uniforme
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Teorema de aproximação de Weierstrass Bernstein (1912)

Démoîistration du théorème de Weierstrass fondée sur 
le calcul des probabilités. 

Je me propose d'indiquer une démonstration fort simple du théorème 
suivant de Weierstrass: 

Si F(x) est une fonction continue quelconque dans Vintervalle 01, il 
est toujours possible, quel que petit que soit s, de déterminer un polynôme 
En(x) = aQxn - f - a1xn~~1 ~\- . . . - f - an de degré n assez élevé, tel qu} on ait 

en tout point de Vintervalle considéré. 
A cet effet, j e considère un événement A, dont la probabilité est 

égale à x. Supposons qu'on effectue n expériences et que Ton convienne 

de payer h un joueur la somme F l — ] , si l'événement A se produit m 

fois. Dans ces conditions, l'espérance mathématique En du joueur aura 
pour valeur 

Or, il résulte de la continuité de la fonction F(x) qu'il est possible 
de fixer un nombre 6, tel que l'inégalité 

F{x) — En(x)\<e 

0 ) 

X — x01 < ô 
entraine 

F(x)-F(x0)\<p 

de sorte que, si F(x) désigne le maximum et F(x) le minimum de F(x) 
dans l'intervalle (x— â, x-\-ô), on a 

F(x) - F{x) < i F{x) - F{x) < i-. (2) 

2 

Soit de plus tj la probabilité de l'inégalité 

maximum de \F(x)\ dans Pinter valle Ol. 
On aura alors 

m 
x — -

n 
> 6, et L le 

F(x) .(l-tj) — L.V<EH< F(x) ;(i—tj) + L.r). (3) 

Mais, en vertu du théorème de Bernoulli, on pourra prendre n 
assez grand pour avoir 

L'inégalité (3) se mettra donc sucessivement sous la forme 

F(x) + (F(x)-F(x) ) -?]{L-f Fa)) <En<F(x) + (F(x)-F(x)) + ?y(L -    ) 

et ensuite 

donc 
    — J B H | < * (5) 

Or En est manifestement un polynôme de degré n. 
Le théorème est donc démontré. 
J'ajouterai seulement deux remarques. 
Les polynômes approchés En{x) sont surtout commodes, il me semble, 

lorsqu'on cannait exactement ou approximativement les valeurs de F(x) 
771 

pour # = • — (m = 0, 1, ..  ). 
n 

La formule (1) et l'inégalité (5) montrent que, quelle que soit la 
fonction continue F(x), on a 

F(x) = Km 2 F(-).C™x"(l— X)»~™. 

n--co w = 0 ^   

S. Bernstein. 



Polinômios de Bernstein – base do espaço de polinômios

Bn
k (t) =

(
n

k

)
(1− t)n−k tk =

(
n

k

) n−k∑
j=0

(−1)j
(
n− k

j

)
tk+j

base canônica = base monomial: 1, t, t2, t3, . . . , tn
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Polinômios de Bernstein – propriedades

Bn
k (t) =

(
n

k

)
(1− t)n−k tk

Bn
k (t) = Bn

n−k(1− t) simetria

Bn
k (0) = 0, Bn

k (1) = 0, Bn
0 (0) = 1, Bn

n(1) = 1 pontos extremos

Bn
k (t) tem único máximo em [0, 1], em t = k/n unimodal

Bn
k (t) ⩾ 0 para t ∈ [0, 1] não negativo

n∑
k=0

Bn
k (t) = ((1− t) + t)n = 1 partição da unidade

n∑
k=0

k
n
Bn
k (t) = t precisão linear



Curvas de Bézier – propriedades

B(t) =

n∑
k=0

Bn
k (t)pk

B(t) = B(1− t) simetria

B[p0, . . . ,pn](t) = B[pn, . . . ,p0](1− t)

B(0) = p0, B(1) = pn pontos extremos

a influência de pk é maior perto de t = k/n unimodal

B(t) é combinação convexa de p0, . . . ,pn não negativo

curva contida no fecho convexo + partição da unidade

B(t) é gráfico de função quando xk = k/n precisão linear

segmento de reta se pontos de controle uniformemente espaçados



Curvas de Bézier – invariância afim

Combinação afim
a1p1 + · · ·+ anpn com a1 + · · ·+ an = 1

T transformação afim
T(a1p1 + · · ·+ anpn) = a1T(p1) + · · ·+ anT(pn)

invariância afim
T(B[p0, . . . ,pn]) = B[T(p0), . . . , T(pn)])

T(p) = L(p) + v

n∑
k=0

Bn
k (t)v = v
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invariância afim
T(B[p0, . . . ,pn]) = B[T(p0), . . . , T(pn)])

T(p) = L(p) + v

n∑
k=0

Bn
k (t)v = v



Polinômios de Bernstein – recursão

Bn
k (t) =

(
n

k

)
(1− t)n−k tk

(
n+ 1

k

)
=

(
n

k

)
+

(
n

k− 1

)
Pascal

Bn+1
k (t) =

(
n+ 1

k

)
(1− t)n+1−k tk

=

(
n

k

)
(1− t)n+1−k tk +

(
n

k− 1

)
(1− t)n+1−k tk

= (1− t)

(
n

k

)
(1− t)n−k tk + t

(
n

k− 1

)
(1− t)n−(k−1) tk−1

Bn+1
k (t) = (1− t)Bn

k (t) + t Bn
k−1(t) interpolação linear repetida
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Curvas de Bézier – algoritmo de de Casteljau

Bn+1
k (t) = (1− t)Bn

k (t) + t Bn
k−1(t) recursão

Bn+1[p0, . . . ,pn+1](t) = (1− t)Bn[p0, . . . ,pn](t) + t Bn[p1, . . . ,pn+1](t)



Curvas de Bézier – subdivisão adaptativa

Bn+1
k (t) = (1− t)Bn

k (t) + t Bn
k−1(t) recursão

Farouki



Curvas de Bézier – presença

grau PDF SVG JavaScript

1 • • •
2 • • •
3 • • •
4+ • • •



Curvas de Bézier – elevação de grau

B2[q0,q1,q2] = B3[p0,p1,p2,p3] ?

Bézier quadrática

γ(t) = (1− t)2 q0 + 2(1− t)t q1 + t2 q2

. . . multiplicando por ((1− t) + t) = 1

Bézier cúbica

γ(t) = (1− t)3 p0 + 3(1− t)2t p1 + 3(1− t)t2 p2 + t3 p3

p0 = q0, p1 =
1
3
q0 +

2
3
q1, p2 =

1
3
q2 +

2
3
q1, p3 = q2

Bézier de grau n

pk = (1− t)qk + t qk−1 t = k
n+1

Pn+r → Bn
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Curvas de Bézier – elevação de grau

n = 5→ 6, 10, 25 Farouki



retalhos de Bézier



Retalho bilinear

pontos de controle = vértices de quadrilátero
p00, p10, p01, p11

interpolação bilinear

f(u, v) = (1− u)(1− v)p00 + u(1− v)p10 + (1− u)v p01 + uvp11

u, v ∈ [0, 1]

paraboloide hiperbólico

superf́ıcie regrada curva

γ(t) = f(t, t) é Bézier quadrática

F
ar
in
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Retalho bilinear

pontos de controle = vértices de quadrilátero
p00, p10, p01, p11

interpolação bilinear

f(u, v) = (1− u)(1− v)p00 + u(1− v)p10 + (1− u)v p01 + uvp11

u, v ∈ [0, 1]

formulação matricial

f(u, v) =
[
B1
0(u) B1

1(u)
] [p00 p01

p10 p11

][
B1
0(v)

B1
1(v)

]

f(u, v) =
1∑

i=0

1∑
j=0

B1
i(u)B

1
j(v)pij produto tensorial



Retalho de Bézier retangular

pontos de controle = vértices de grade (m+ 1)× (n+ 1) de pontos
pij, i = 0, . . . ,m, j = 0, . . . ,n

produto tensorial de grau m+ n

f(u, v) =
m∑
i=0

n∑
j=0

Bm
i (u)Bn

j (v)pij u, v ∈ [0, 1]

formulação matricial

f(u, v) =
[
Bm
0 (u) · · · Bm

m(u)
] [ p00 · · · p0n

pm0 · · · pmn

]

Bn
0 (u)

· · ·
Bn
n(v)






Retalho de Bézier bicúbico

st
a
ck
o
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rfl
ow



Base de Bézier bicúbica Bmn
ij (u, v) = Bm

i (u)Bn
j (v)

K
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n
a
n
C
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n
e



Retalho de Bézier – avaliação via de Casteljau

✐
✐

✐
✐

✐
✐

✐
✐

13.2. Parametric Curved Surfaces 593

Figure 13.14. Bilinear interpolation using four points.

Next, the linearly interpolated points, e and f , are linearly interpolated
in the other direction, using v. This yields bilinear interpolation:

p(u, v) = (1 − v)e + vf

= (1 − u)(1 − v)a + u(1 − v)b + (1 − u)vc + uvd.
(13.26)

Equation 13.26 describes the simplest nonplanar parametric surface,
where di!erent points on the surface are generated using di!erent values
of (u, v). The domain, i.e., the set of valid values, is (u, v) ∈ [0, 1] × [0, 1],
which means that both u and v should belong to [0, 1]. When the domain
is rectangular, the resulting surface is often called a patch.

To extend a Bézier curve from linear interpolation, more points were
added and the interpolation repeated. The same strategy can be used for
patches. Assume nine points, arranged in a 3 × 3 grid, are used. This
is shown in Figure 13.15, where the notation is shown as well. To form

Figure 13.15. Left: a biquadratic Bézier surface, defined by nine control points, pij .
Right: To generate a point on the Bézier surface, four points p1

ij are first created
using bilinear interpolation from the nearest control points. Finally, the point surface
p(u, v) = p2

00 is bilinearly interpolated from these created points.

Real-Time Rendering, Akenine-Möller et al.



Composição de retalhos de Bézier

Farin–Hansford

Composite Bézier Surfaces

“Left” bicubic Bézier patch:

bi ,j 0 ≤ i , j ≤ 3 domain: [u0, u1] × [v0, v1]

”Right” bicubic Bézier patch:

bi ,j 3 ≤ i ≤ 6 0 ≤ j ≤ 3 domain: [u1, u2] × [v0, v1]

Both share a common control point and domain boundary
Farin & Hansford The Essentials of CAGD 4 / 30



Continuity
Continuity is now determined along each boundary edge between two patches.

C0 continuity: 
Boundary points agree

C1 continuity: 
Adjacent edges equal

C2 continuity: 
A-frames

Re
n 

N
g



C2 continuityC1 continuityC0 continuity
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subdivisão



Curvas de subdivisão

de Rham (1947, 1956) cantos a 1/3

de Casteljau (1963) Bézier quadrática

Chaikin (1974) cantos a 1/4

Riesenfeld (1975) spline de Bézier quadráticas

de Boor (1987) Comer cutting always works
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Superf́ıcies de subdivisão

Catmull–Clark (1978) quadriláteros

Doo–Sabin (1978) generaliza Chaikin

Loop (1987) triângulos

Stam (1998) avaliação exata

Kobbelt (2000)
√
3 triângulos

Velho–Zorin, Velho–Gomes (2001) 4-8
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of p would be on P∞. This is also possible for tangents. See, for example,
Joy’s online introduction to this topic [615].

The topic of subdivision curves has only been touched upon, but it is
su!cient for the presentation of subdivision surfaces that follows in the
next section. See the Further Reading and Resources section at the end of
this chapter for more references and information.

13.5 Subdivision Surfaces
Subdivision surfaces are a powerful paradigm in defining smooth, contin-
uous, crackless surfaces from meshes with arbitrary topology. As with all
other surfaces in this chapter, subdivision surfaces also provide infinite level
of detail. That is, you can generate as many triangles or polygons as you

Figure 13.32. The top left image shows the control mesh, i.e., that original mesh, which is
the only geometrical data that describes the resulting subdivision surface. The following
images are subdivided one, two, and three times. As can be seen, more and more
polygons are generated and the surface gets smoother and smoother. The scheme used
here is the Catmull-Clark scheme, described in Section 13.5.4.

Real-Time Rendering, Akenine-Möller et al.



Superf́ıcies de subdivisão Catmull–Clark (1978)
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Figure 13.47. The basic idea of Catmull-Clark subdivision. Each polygon generates a
new point, and each edge generates a new point. These are then connected as shown to
the right. Weighting of the original points is not shown here.

13.5.4 Catmull-Clark Subdivision
The two most famous subdivision schemes that can handle polygonal
meshes (rather than just triangles) are Catmull-Clark [163] and Doo-Sabin
[274].8 Here, we will only briefly present the former. Catmull-Clark sur-
faces have been used in Pixar’s short film Geri’s Game [250] and in Toy
Story 2, and in all subsequent feature films from Pixar. This subdivision
scheme is also commonly used for making models for games, and is probably
the most popular one. As pointed out by DeRose et al. [250], Catmull-Clark
surfaces tend to generate more symmetrical surfaces. For example, an ob-
long box results in a symmetrical ellipsoid-like surface, which agrees with
intuition.

The basic idea for Catmull-Clark surfaces is shown in Figure 13.47, and
an actual example of Catmull-Clark subdivision is shown in Figure 13.32
on page 611. As can be seen, this scheme only generates faces with four
vertices. In fact, after the first subdivision step, only vertices of valence 4
are generated, thus such vertices are called ordinary or regular (compared
to valence 6 for triangular schemes).

Following the notation from Halstead et al. [494] (see Figure 13.48),
let us focus on a vertex vk with n surrounding edge points ek

i , where
i = 0 . . . n − 1. Now, for each face, a new face point fk+1 is computed as
the face centroid, i.e., the mean of the points of the face. Given this, the
subdivision rules are [163, 494, 1415]

vk+1 =
n − 2

n
vk +

1

n2

n−1∑

j=0

ek
j +

1

n2

n−1∑

j=0

fk+1
j ,

ek+1
j =

vk + ek
j + fk+1

j−1 + fk+1
j

4
.

(13.60)

8Incidentally, both were presented in the same issue of the same journal.
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Superf́ıcies de subdivisão Doo–Sabin (1978)

Khan et al.



Superf́ıcies de subdivisão Loop–DeRose (1990)

( ~  Computer Graphics, Volume 24, Number 4, August 1990 

Figure g: A closed surface produced by the generalized bi- 
quadratic scheme. 

Figure 10: A branching surface produced by the generalized 
bicubic scheme. 

Figure 9: A surface containing fillets and blends produced by 
the generalized biquadratic scheme. 

Figure 11: A surface with a handle and a closed surface pro- 
duced by the generalized bicubic scheme. 
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