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Geometria analitica

Fermat (1636, 1679)
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Geometria analitica
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Geometria analitica

Fermat (1636, 1679)
Descartes (1637)

LA

GEOMETRIE.
LIVRE PREMIER.
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Fermat (1636, 1679)
Descartes (1637)

coordenadas  dlgebra 4+  geometria
formulas <«— formas
finito <+— infinito

IS

r =sin(20) +sin(50) +2 x = rcos(0)
y =rsin(0)
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Geometria analitica
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6 735 739 738

189 736 739 735
193 737 739 736
192 738 739 737
14 740 743 742
190 741 743 740
193 736 743 741
189 742 743 736
10 744 747 746
191 745 747 744
193 741 747 745
190 746 747 741
16 748 750 749
192 737 750 748
193 745 750 737
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Operacgoes booleanas
AeB A menos B B menos A
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Representacao por fronteira Jordan (1887)
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Representacdo por fronteira

Life Science Library (1963)

A JORDAN CURVE

outside; if an odd number of times, it is inside.
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Métodos de decomposicao

m decomposicao celular

m decomposicao intrinsica

m decomposicao extrinsica



Métodos de decomposicao

m decomposicao celular = discretizacao
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Métodos de decomposicao

m decomposicao celular = discretizacao
amostragem do objeto
estruturacao em células

m decomposicao intrinsica
geometria do objeto
poligonizacao

m decomposicao extrinsica
localizacao do objeto
enumeracao espacial
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decomposicao intrinsica
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Decomposicao celular intrinsica
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Decomposicao celular extrinsica

Gomes—Velho



Decomposicao celular extrinsica
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Enumeracao espacial adaptativa




Enumeracdo espacial adaptativa

function explore(xmin, xmax,ymin,ymax,level)
local c=classify(xmin, xmax,ymin, ymax)
if c~="none" or level==0 then
output(xmin, xmax, ymin, ymax,c)
else
local xmid=(xmin+xmax)/2
local ymid=(ymin+ymax)/2
explore(xmin, xmid, ymid, ymax, level-1)
explore(xmid, xmax,ymid, ymax, level-1)
explore(xmin, xmid, ymin, ymid, level-1)
explore(xmid, xmax,ymin, ymid, level-1)
end
end
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Enumeracao espacial adaptativa
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Quadtree Finkel-Bentley (1974)
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Bintree Tamminen et al. (1984)
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Bintree Tamminen et al. (1984)
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Enumeracao espacial adaptativa
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Enumeracdo espacial adaptativa
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Enumeracdo espacial adaptativa hexagonal
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Regido implicita
curva = fronteira da regido

f(x,y) =0
regiao

f(x,y) <0
® amostrar fronteira
® amostrar interior
® classificacio de pontos

® classificacdo de caixas
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Regido implicita
curva = fronteira da regido

f(x,y) =0
regiao

f(x,y) <0
® amostrar fronteira
® amostrar interior
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Teorema do valor intermediario Bolzano (1817)

mf: QO CR — R continua
mE[a,b]CQO

mf(a) >0

m f(b) <O

— existe x* € (a, b) tal que f(x*) =0
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Teorema do valor intermediario Bolzano (1817)

m f: O =R — R dada por f(x) = x?> — 2 é continua
m[0,2]CQ

m f(0) <0

mf(2) >0

— existe T € (0,2) tal que f(r) =0, isto é, 12 =2 r=+?2



Teorema do valor intermediario Bolzano (1817)

mf: QO CR — R continua
mE[a,b]CQO

mf(a) >0

m f(b) <O

— existe x* € (a, b) tal que f(x*) =0
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Teorema do valor intermediario — prova construtiva: método da bissecao

Eg=a by=Db f((l) > 0, f(b) <0

m a, + b,
] = —
2
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Teorema do valor intermediario — prova construtiva: método da bissecao

m qQyp — a, bo=Db f((l) > 0, f(b) <0
_ Gntby

bn — Qn

msef(m)>0: apn1=m, by =b, brni1 — Qni1 = 5




Teorema do valor intermediario — prova construtiva: método da bissecao

m qQyp — a, bo=Db f((l)>0, f(b)<0
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2
msef(m)=0: x*=m fim
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m qQyp — a, bo=Db ]C((l)>0, f(b)<0

o On + b,
m = —
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Teorema do valor intermediario — prova construtiva: método da bissecao

m qQyp — a, bo=Db ]C((l)>0, f(b)<0

an + by
m = —

2

msef(m)=0: x*=m fim
msef(m)>0: an1=m, bpii=Dbn brni1 — Qni1 = bn ; tn
H se f(m) < O: an—|—1 = Unp, bn—|—1 =m [an } 1xbn } 1} - [allvbﬂ.}
m f(an) >0, f(b,) <O invariante

Ba=0<a<O< <A < Sy < <ha<bi<by=Db

. . bi
_— X* — ||m a, = ||mbn, f(X*) :0 bn*aﬂ - Tla =0
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Método da bissecao

function bisect(f,a,b)
local c=(a+b)/2
if abs(a-b)<delta or c==a or c==b then
return c
end
if f(c)>0 then
return bisect(f,a,c)
else
return bisect(f,c,b)
end
end



Método da bissecao

function bisect(f,a,b)
while true do
local c=(a+b)/2
if abs(a-b)<delta or c==a or c==b then

return ¢
end
if f(c)>0 then
b=c
else
a=c
end

end
end



Amostragem em grade
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Amostragem em grade



Amostragem em grade
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Regido implicita — classificagao por amostragem
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Regidao implicita — classificacdo por amostragem
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Marching cubes Lorensen—Cline (1987)
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Marching cubes Chernyaev (1995)
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Marching cubes Chernyaev (1995)
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Marching squares — casos omissos




Regido implicita — fronteira




Regido implicita — fronteira ponto médio
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Regiéo impll'cita — fronteira interpolac3o linear




Regido implicita — fronteira bissecdo
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Enumeracao espacial uniforme
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Enumeracao espacial semi-adaptativa Suffern (1990)
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Enumeracao espacial semi-adaptativa Suffern (1990)

function explore(xmin, xmax,ymin,ymax,level)
if level < searchlevel then
subdivide(xmin, xmax,ymin, ymax, level)
elseif contour_present(xmin,xmax,ymin,ymax) then
if level < plotlevel then
subdivide(xmin, xmax,ymin, ymax, level)

else
draw(xmin, xmax, ymin, ymax)
end
else
draw(xmin, xmax, ymin, ymax)
end

end



Enumeracdo espacial semi-adaptativa

function subdivide(xmin,xmax,ymin,ymax,level)

end

local xmid=(xmin+xmax)/2
local ymid=(ymin+ymax)/2
explore(xmin, xmid, ymin, ymid, level+1)
explore(xmid, xmax, ymin, ymid, level+1)
explore(xmin, xmid, ymid, ymax, level+1)
explore(xmid, xmax, ymid, ymax, level+1)

Suffern (1990)



Enumeracao espacial semi-adaptativa Suffern (1990)




Enumeracao espacial semi-adaptativa podada Suffern (1990)




Enumeracao espacial semi-adaptativa Suffern (1990)



Enumeracao espacial semi-adaptativa Suffern (1990)




Enumeracao espacial semi-adaptativa Suffern (1990)




Enumeracao espacial semi-adaptativa Suffern (1990)




Enumeracao espacial semi-adaptativa Suffern (1990)




Localizando ponto em relacao a poligono W. Randolph Franklin

function f(x,y)
return inside(x,y) and -1 or 1
end

function inside(x,y)
local inside=false
for i=1,N do
local j=i+1
if ((Y[il>y)~=(Y[jI>y)) and
(x<((X[3I1-X[i1)*(y=-Y[i1)/(Y[j1-Y[i1)+X[i])) then
inside = not inside
end
end
return inside
end



Enumeracao espacial semi-adaptativa Suffern (1990)
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Oraculos intervalares
mf: QOCR"— R
BEX=X;Xx---xX,CQ

m oraculo: intervalo F(X) C R
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Oraculos intervalares

mf: QOCR"— R
BEX=X;Xx---xX,CQ

m oraculo: intervalo F(X) C R

fu
=
U
=
=
I

{f(x) :x € X}

X € Xy = f(xq,..., xn) € F(X)
m0¢FX) = 0¢f(X)
m prova computational

f(x) = 0 ndo tem solucdo em X




Oraculos intervalares

m aritmética intervalar Moore (1966)
m formas de valor médio Caprani—-Madsen (1980)
m aritmética afim Comba-Stolfi (1993)

m formas de Taylor Berz et al. (1996)



Métodos intervalares

Introduction to

INTERVAL ANALYSIS

Ramon E. Moore
R. Baker Kearfott
Michael J. Cloud

APPLIED
INTERVAL
ANALYSIS

Warwick Tucker




Métodos intervalares

GENERATIVE MODELING

JOHN M. SNYDER

Takashi Magkawa

Shape Interrogation
for Computer

Aided Design and
Manufacturing

i

Abel J. P. Gomes - Irina Voiculescu
Joaquim Jorge - Brian Wyvill
Callum Galbraith

Implicit Curves and
Surfaces: Mathematics,
Data Structures and
Algorithms

a Springer




Aritmética intervalar

[a,b]x[c,d] = {x*xy:x€l[a,bl,yelcd}
= [min(x xy), max(x xy)]



Aritmética intervalar

[a, b] % [c, d]

= {xxy:x € la,blyeld}
= [min(xxy), max(x *x y)]

[a+c,b+d]
[a—d,b—c]

= [min (ac ad, be, bd), max(ac, ad, be, bd)]
[a,b] x [1/d,1/c]
[mm(a ,b?), max(a?,b?)] se 0 ¢ [a,b]
[0, max(a?, b?)] se 0 € [a, b]
[

exp(a), exp(b)]



Aritmética intervalar

[a, b] % [c, d]

= {xxy:x € la,blyeld}
= [min(xxy), max(x * y)]

[
[
= |
[a,b] x [1/d,1/c]
(mi
[
[

a+c,b+d]
a—d,b—c]
min(ac, ad, bc, bd), max(ac, ad, bc, bd)]

min(a?, ), max(a?, b?)] se 0 ¢ [a, b]
0, max(a?, b?)] se 0 € [a, b]
exp(a), exp(b)]

uso conveniente via sobrecarga de operadores



Regidao implicita — método intervalar Suffern—Fackerell (1991), Snyder (1992)

function explore(x,y,level)
local z=f(x,y)
if z>0 then return show(x,y,"0") end
if z<@ then return show(x,y,"I") end
if level==0 then return show(x,y,"U") end
local xlo,xhi=split(x)
local ylo,yhi=split(y)
explore(xlo,ylo,level-1)
explore(xhi,ylo,level-1)
explore(xlo,yhi,level-1)
explore(xhi,yhi,level-1)
return nil

end



Regidao implicita — método intervalar

“When you have eliminated the impossible,
whatever remains, however improbable,
must be the truth.”

— Sherlock Holmes in The Sign of Four




Regidao implicita — método intervalar
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Regidao implicita — método intervalar

2423 leaves




Regidao implicita — método intervalar

635 leaves




Regidao implicita — método intervalar

2423 leaves




brido
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Regidao implicita — método intervalar h

2423 leaves



Regidao implicita — método intervalar hibrido

1061 leaves



Regiao implicita — método intervalar hibrido otimista

1061 leaves



Regiao implicita — método intervalar hibrido otimista

644 leaves



Regidao implicita — método intervalar

function explore(x,y,level)

end

local z=f(x,y)

if z>0 then return show(x,y,"0") end
if z<0@ then return show(x,y,"I") end
if level==0 then return show(x,y,"U") end
local xlo,xhi=split(x)

local ylo,yhi=split(y)
explore(xlo,ylo,level-1)
explore(xhi,ylo,level-1)
explore(xlo,yhi,level-1)
explore(xhi,yhi,level-1)

return nil



Regido implicita — método intervalar hibrido otimista

function explore(x,y,level)
local z=f(x,y)
if z>@ then return "O" end
if z<@ then return "I" end
if level==0 then return classify(x,y) end
local xlo,xhi=split(x)
local ylo,yhi=split(y)
local cl=explore(xlo,ylo,level-1)
local c2=explore(xhi,ylo,level-1)
local c3=explore(xlo,yhi,level-1)
local c4=explore(xhi,yhi,level-1)
if c1==c2 and c1==c3 and cl==c4 then
return cl
else
show(xlo,ylo,cl)
show(xhi, ylo,c2)
show(xlo,yhi,c3)
show(xhi, yhi, c4)
return nil
end
end



Regido implicita — método intervalar hibrido otimista

function explore(x,y,level)

end

local

z=f(x,y)

if z>0 then return "0" end
if z<@ then return "I" end

if level==0 then return classify(x,y) end

local
local
local
local
local

local c4=explore(xhi,yhi,level-1)

if c1==c2 and c1==c3 and cl==c4 then
return cl

else

xlo,xhi=split(x)
ylo,yhi=split(y)
cl=explore(xlo,ylo,level-1)
c2=explore(xhi,ylo,level-1)
c3=explore(xlo,yhi,level-1)

show(xlo,ylo,cl)
show(xhi, ylo,c2)
show(xlo,yhi,c3)
show(xhi, yhi, c4)
return nil

end

function classify(x,y)

end

local xmin, xmax=x:extremes()

local ymin,ymax=y:extremes()

local fi1=f(xmin,ymin)

local f2=f(xmax,ymin)

local f3=f(xmax,ymax)

local f4=f(xmin,ymax)

if (f1>0 and f2>0 and f3>0 and f4>0) then
return optimistic and "O" or "PO"

end

if (f1<@ and f2<@ and f3<@ and f4<@) then
return optimistic and "I" or "PI"

end

return "V"



Curva implicita — refinamento intrinsico
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objetos paramétricos



Curva paramétrica

curva = fronteira da regido

v: [a,b] — R?

® amostrar fronteira
@ amostrar interior
©® classificacdo de pontos

® classificacdo de caixas



Curva paramétrica

curva = fronteira da regido

v: [a,b] — R?

® amostrar fronteira
@ amostrar interior
©® classificacdo de pontos

® classificacdo de caixas



Curva paramétrica — amostragem uniforme no dominio
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Curva paramétrica — amostragem uniforme no dominio
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Curva paramétrica — amostragem adaptativa
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Curva paramétrica — amostragem adaptativa
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Curva paramétrica — amostragem adaptativa
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Curva paramétrica — amostragem adaptativa
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Curva paramétrica — amostragem adaptativa

function sample(tO@,tl)
local tm=(t0+t1)/2
local x@,y@=gamma(t0)
local x1,yl=gamma(t1)
local xm,ym=gamma(tm)
if flat(x@,y0,x1,yl,xm,ym) then
save(t0,x0,y0)
else
sample(t@, tm)
sample(tm, t1)
end
end



Curva paramétrica — amostragem uniforme na curva
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Curva paramétrica — amostragem uniforme na curva
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Curva paramétrica — amostragem uniforme na curva




representacao de malhas



Representacao de malhas: sopa de poligonos

m conjunto de faces sem organizacao f

m Vértices nao compartilhados 1
m dificil de editar

m geometria das faces

Bogosel —_ ]_

STL



Representacao de malhas: geometria + topologia

m conjunto de faces sem organizacao
m Vértices compartilhados
m mais facil de editar

m geometria dos vértices

m topologia das faces

Bogosel

OBJ

geometria

v 1 1 1
v -1 1 -1
v 1 -1 -1
v -1 -1 1
topologia

f 1 2 3
f 2 4 3
f 1 3 4
f 1 4 2



Representacao de malhas: geometria + topologia + adjacéncias

m conjunto de faces com organizagao geometria
v 1 1 1
m vértices compartilhados v -1 1 -1
v 1 -1 —1
m menos facil de editar v -1 -1 1
topologia
m geometria dos vértices f 1 2 3
2 3 4
m topologia das faces f 2 4 3
3 1 4
f 1 3 4
2 4 1
f 1 4 2
Bogosel 2 1 3




Representacao de malhas de triangulos

5 3 4




Representacao de malhas de tridngulos
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superficies paramétricas



Superficie paramétrica
superficie = fronteira da regiao
f:Q CR? - R3 Q =la,b] x[c,d]

f(u,v) = (x(uw,v),y(w,v), z(u,v))



Superficie paramétrica
superficie = fronteira da regido (retalho)
f:Q CR?— R3 Q =la,b] x[c,d]

f(u,v) = (x(uw,v),y(w,v), z(u,v))



Superficie paramétrica
superficie = fronteira da regido (retalho)
f: Q CR? - R3 Q =a,b] x[c, d]
flu,v) = (x(u,v),y(u,v), z(u,v))

discretizacdo da superficie = discretizacdo do dominio




Superficie paramétrica — discretizacdo do dominio
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Superficie paramétrica — representacao
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Superficie paramétrica — representacao
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Superficie de revolucdo

f(u,v) = (vcos(u), vsin(u), g(v)) g(x) = —gx® + Ux* — 2x2+ 1
ue [0,2n], v e [0,1.6]



Superficie de revolugdo — representacao
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Retalho bilinear

m vértices do bordo
Poo, P10, Po1, P11

m interpolacdo bilinear
f(w,v) = (1 =u)(1 —v)poo +u(l —v)p1o+ (I —uw)vpor + uvpn
u,v € [0,1] "

m paraboloide hiperbdlico




Retalho de Coons Coons (1967)

m curvas de bordo
xo, a1, Bo, B1:[0,1] — R3

m vértices do bordo
Poo, P1o. Po1, P11

m superficies regradas

A(u,v) = (1 —v)ag(u) +vog(u)
B(w,v) = (1 —u)Bo(v) +up1(v)

Wikipedia

m interpolacdo bilinear

Clu,v) = (1 —u)(1—=v)poo+u(l—v)p1o+ (1 —=ujvpor +uvpi

mf(u,v) =A(u,v)+B(u,v)—C(u,v)
u,vel0,1]



Superficie paramétrica — discretizacdo do dominio




Superficie paramétrica — discretizacao do dominio: quadtree




Superficie paramétrica — discretizacao do dominio: quadtree




Superficie paramétrica — discretizacao do dominio: quadtree




Superficie paramétrica — discretizacao do dominio: quadtree triangulada




Malha 4-8 uniforme
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Malha 4-8 uniforme
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Malha 4-8 uniforme




Malha 4-8 adaptativa
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Malha 4-8 adaptativa




Malha 4-8 adaptativa — curva implicita
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Malha 4-8 adaptativa — superficie paramétrica

flwv) = (wv,guw))  glu) =—5x° + fxt = ZxP + 1



Malha 4-8 adaptativa — superficie paramétrica
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Malha 4-8 adaptativa — superficie paramétrica




Superficie paramétrica — representacao

geometria

v -0.25 -0.75 0.8544921875
v -0.5 -0.5 0.5

v -0.5 -1.0 0.5

v -0.25 -0.25 0.8544921875
v -0.5 0.0 0.5

v 0.25 -0.75 0.8544921875
v 0.5 -1.0 0.5

v 0.5 -0.5 0.5

v 0.25 -0.25 0.8544921875
v 0.5 0.0 0.5

v -0.75 -0.25 0.1435546875
v -0.75 -0.75 0.1435546875
v 0.75 -0.75 0.1435546875
v 0.75 -0.25 0.1435546875
v 0.25 0.75 0.8544921875

OBJ
topologia

£f123

0 N ;O
= 00 N

f 23 16 10
f 24 17 16
f 25 21 20



Subdivisao de triangulos
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Subdivisao de triangulos



curvas e superficies de forma livre



Requisitos para representacao de formas

m pontos de controle

m intrinsica

m versatilidade

m controle de continuidade
m controle local

m reducdo de variagao

Newman—Sproull, Principles of Interactive Computer Graphics (1979)
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m pontos de controle

m intrinsica
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Newman-Sproull, Principles of Interactive Computer Graphics (1979)



Requisitos para representacdo de formas

m pontos de controle

m intrinsica

m versatilidade

m controle de continuidade

m controle local

m reducdo de variacao

Newman—Sproull, Principles of Interactive Computer Graphics (1979)

Do O HHFoOoOLO=EMroooooo =

146.75 138.5

118.0 129.0 99.25 117.5
63.25 95.25 63.25 67.0
63.25 44.25 78.25 33.5
88.0 26.5 100.0 26.5
116.5 26.5 131.625 35.75
146.75 45.0 146.75 59.25
146.75 138.5

18.75 49.75

18.75 86.0 55.0 110.25
78.0 125.25 146.75 151.0
146.75 172.25

146.75 197.75 141.75 207.75
133.25 224.5 106.5 224.5
93.75 224.5 82.25 218.0



Aumento de variacao

Wikipedia



Aumento de variacao

N

N




Objetos paramétricos

curvas paramétricas
v: la, b] = R?
v: la,b] = R3

superficies paramétricas

o:[a,b] x[c,d — R3

o(uw,v) = (x(w,v),y(u,v), z(u,v))



Objetos paramétricos

curvas paramétricas
v: la,b] — R? v(t) = (x(t),y(t))
y: [a,b] — R? v(t) = (x(t), y(t), z(t))

superficies paramétricas

o:la,b] x[c,d] = R®  o(w,v) = (x(w,v),y(u,v), z(u,v))

funcoes polinomiais e racionais avaliacao computacional exata e eficiente



Funcoes polinomiais

avaliacdo ingénua

f(t) =ap+ art + (12t2 + a3t3 + 4 a,th

v+ 0
V< V+ag
ve—v+at
V< v+ apt?
V< v+azt?
t* = pow(t, k)
Vvt apth
v = f(t)



Funcoes polinomiais

avaliagdo menos ingénua

f(t) =aqp+at+ (12t2 + a3t3 g antn

v+ 0

VVv+apSs
V<—Vv+ass
V~VvV+ass
V< Vv+ass

V—V+a,$s
v = f(t)

s+ 1
S<st
s+ st
s+ st
s+ st

S st

tkvl — tk . tv tO — 1



Funcoes polinomiais

avaliacdo eficiente Horner
f(t) =ap+ art + (12t2 + a3t3 + 4 a,th
—aqo+t(ar+t(a+t(as+-+tlang+tan) --)))

V4 an
V< an1+tv

V< az+tv
Vi ay+tv
vV aqa;+tv
v ag+tv fused multiply—add (FMA)

v =f(t)



Funcoes polinomiais

interpretacdo dos coeficientes

f(t) =aqp+at+ (12t2 + a3t3 + - 4 a,th

expansdo de Taylor em torno de t =0

f19(0)
k!

ax =

informac3do pontual profunda determina forma global

nao intuitivo



Curvas polinomiais

interpretacdo dos coeficientes
x(t) = ag + a;t + a,t? + asztd +
y(t) = by + byt + bot? + bst® +

Y(t) = Po 4 Pit + Pot? + P3t® +

...+antn
+bnt“

Co Pt

Py = (ay, by)



Curvas polinomiais

interpretacdo dos coeficientes

x(t) = ap + ait + apt® + ast®> + - - - + a, t"
y(t) = by + bt +bot> + bat> + - + b t"
v(t) =Py + Pt + Pot? + P3t3 + - - + Pot™ Py = (ay, by)
=Py +tP; + P + 3P3 + - +t"P,
combinac3o linear de pontos de controle com pesos 1, t, t%,t3,... t™

nao intuitivo



Curvas polinomiais

interpretacdo dos coeficientes

x(t) = ap+ art + art® + ast> + - -
y(t) = b + byt + bot? + bst3 + - -

Y(t) = P+ Pyt 4 Pot®> + Pat® + - -
=Py + tPy + t°Po + t3P3 4 - - -

+ a,t"
+ b t™

+ Pat™ Py = (ay, by)
P,

combinac3o linear de pontos de controle com pesos 1, t, t%,t3,... t™

nao intuitivo

como escolher pontos de controle e pesos intuitivos?

coeficientes geométricos



curvas de Hermite



Continuidade geométrica

m o B:[0,1] — Re

m continuidade C°

x(1) = B(0)

m continuidade C! paramétrica

«’(1) = p'(0)

m continuidade G! geométrica

(1)1 B'(0)



Continuidade C°




Continuidade paramétrica C!




Continuidade geométrica G* /(1) || B(0)




Continuidade geométrica G* /(1) || B(0)




Continuidade geométrica




Continuidade geométrica




Continuidade geométrica



Continuidade geométrica



Continuidade geométrica



Continuidade geométrica




Cudbica de Hermite

B pontos extremos Po, P1

m vetores tangentes vg, vy



Cudbica de Hermite

B pontos extremos Po, P1
m vetores tangentes vg, v;

mv:[0,1] — R4

m v(0) =po
= y(1) =P
= Y'(0) =vo

= y/(1) =v



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3 a, € R



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3 a, € R

v — (v(0),v(1),v'(0),v'(1)) transformac3o linear



Cudbica de Hermite

v:[0,1] — R Y(0) = po,

v(t) = ag + a;t + a,t? + ast3

1000 Qo Po
1111 a| (P2
01 0O ar o Vo
01 2 3 as V1

(1) = ps,

v'(0) = o,

(1) =w

ClkERd

transformacao linear



Cubica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3 a, € R

v — (v(0),v(1),v'(0),v'(1)) transformac3o linear
1000 ap Po Qo 1 0 0 0\ |po
SR R I
0123 as V1 as 2 =2 1 1 21



Cubica de Hermite

v:[0,1] — R Y(0) = po,

v(t) = ag + a;t + a,t? + ast3

v = (v(0),v(1),v'(0),v'(1))

1000 Qo Po
1111 ar | _ [P1
01 0O ar o Vo
01 2 3 as V1

(1) = ps,

Qo
a
a
as

Y'(0) =vo, Y'(1)=w

ax € R4

transformacao linear

0 0 0\ [po
o 1 ol |ps
3 =2 -1 Vo
—2 1 1 Vi

Y(t) = po + vot + (—3po + 3p1 — 2vo — Vi )t% + (2po — 2p1 + Vo + v1)t3



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3

Y(t) = Po + Vot + (—3po + 3p1 — 2vo — V1) t* + (2po — 2p1 + Vo + Vi )t°
monomial



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3

Y(t) = po + vot + (—3po + 3p1 — 2vo — v1)t% + (2po — 2p1 + Vo + vy )13
monomial

= (283 = 3t> 4+ 1)po + (—2t3 + 3t%)py + (3 — 2% + t)vo + (2 — t?)»y
Hermite



Cudbica de Hermite

v: 10,1 — R4 v(0) =po, v(1)=p1, V(0 =vy VYI(1)=w

v(t) = ag + a;t + a,t? + ast3

Y(t) = po + vot + (—3po + 3p1 — 2vo — v1)t% + (2po — 2p1 + Vo + vy )13
monomial

= (283 = 3t> 4+ 1)po + (—2t3 + 3t%)py + (3 — 2% + t)vo + (2 — t?)»y
Hermite

= B3[p0, Po + %Vo, P1— %Vl, pl] Bézier



Base de Hermite

0.8 -

0.6 -

-0.2 & Wikipedia



Base de Hermite

Y(t) = (263 = 3t2 + 1)po + (—263 + 3t2)py + (2 — 2 + thvo + (2 — t2)w

= Hi(t) po + Ha(t) p1 + Hs(t) vo + Ha(t) v

f |Hy Hy Hs Hy
flo){1 0 0 O
f(1)] 0 1 0 O
@)} 0o o0 1 0
f'(1)] 0 0 0 1

base dual

Hi(t) = Ha(1 — 1),

pontos de controle mistos

Hs(t) = —Ha(1—t)



Clbica de Hermite geométrica

m pontos extremos Py, P1

m direcOes tangentes vg, V1

my:[0,1 - R4

= v(0) = po

my(1) =p:

m v/ (0) = Agvo Ao, A1 € R a determinar

mY'(1) = Ay



Clbica de Hermite geométrica

m pontos extremos Py, P1

m direcOes tangentes vg, V1

= v:[0,1] - R4

= Y(0) = po

= y(1) =ps

m v/ (0) = Agvo Ao, A1 € R a determinar
mY'(1) =Avy P
my(t") =p* d =2: t* dado / d = 3: equagdo clbica em t*



curvas de Bézier



Formulacao geométrica

m de Casteljau (Citroén, 1959) interpolacdo linear repetida
m Bézier (Renault, 1967) ponto + deslocamentos
m Forrest (1972) polinémios de Bernstein

m Boehm (1975) de Casteljau



Formulacao geométrica de Casteljau (Citroén, 1963)

1¢5.~ 8Sous~Pdles d'une ocourbdbs

Considérons une cubique des pdles

A, By, Cy, D. Nous avons vu précédem=—
ment que la construction par la métho-
D de des barycentres donnent les diffé-
rents points L, i, N, I, J, P.

{e5¢1e= Définition des sous=pdles.

<

L=XA+ U B
1:A%AL22UBaute
b ; M=\B +lLC MO

Nz2C+ D

P>

P WA 3NILB +3A LT
J- BB 2ALC A7 VASMLB 3T YD

0O

Considérons le point Py de paramdtres 1, et A, (aveo M+ AL, =1)
(2, wvarie de O & 1 et A4, 12 0, lorsque P va en D).

Chorchons les p8les de la cubique P, D. Cette courbe dérive
de la ocubique initiale AD par changement des paramdtires.

P=AA+3AuB+302C+ 13D, A+p=1 A=1—-p pnelo,1]



Formulacao geométrica de Casteljau (Citroén, 1963)

interpolacdo linear

lerp(t, vo,v1) = (1 —t)vg + tvy



Formulacao geométrica de Casteljau (Citroén, 1963)

interpolacdo linear

lerp(t, vo,v1) = (1 —t)vg + tvy
lerp(t, Po, P1) = (1 — t)Py + tP; segmento se t € [0, 1]



Formulacao geométrica

interpolacdo linear

lerp(t, vo,v1) = (1 —t)vg + tvy
|erp(t, Po, Pl) = (1 — t)Po + tPl

interpolacdo linear repetida

0w >

de Casteljau (Citroén, 1963)

<




Formulacao geométrica

interpolacdo linear

lerp(t, vo,v1) = (1 —t)vg + tvy
|erp(t, Po, Pl) = (1 — t)Po + tPl

interpolacdo linear repetida
A L = lerp(t, A, B)
B M = lerp(t, B, C)
C N = lerp(t, C,D)
D

de Casteljau (Citroén, 1963)




Formulacao geométrica

interpolacdo linear

lerp(t,vo,v1) = (1 —1t)
lerp(t, Po,P1) = (1 —1)

interpolacdo linear repetida
A L = lerp(t, A, B)

B M = lerp(t, B, C)
C N = lerp(t, C,D)
D

de Casteljau (Citroén, 1963)




Formulacao geométrica de Casteljau (Citroén, 1963)

interpolacdo linear

lerp(t,vo,v1) = (1 —1t)
lerp(t, Po,P1) = (1 —1)

interpolacdo linear repetida
A L = lerp(t, A, B) I =lerp(t,L,M) P =lerp(t,I,])
t

B M = lerp(t, B, C) ] = lerp(
C N = lerp(t, C,D)
D



Formulacao geométrica de Casteljau (Citroén, 1963)

interpolacdo linear

lerp(t,vo,v1) = (1 —1t)
lerp(t, Po,P1) = (1 —1)

interpolacdo linear repetida

A L = lerp(t, A, B) I =lerp(t,L,M) P =lerp(t,I,])
B M = lerp(t, B, C) ] = lerp(t
C N = lerp(t, C,D)
D

P=(1—1t)>3A+3(1—1)%tB+3(1—-t)t’C+t3D



Formulacao geométrica Bézier (Renault, 1967)

n
ponto + deslocamentos:  B(t) =po + Z fe(t) ax
k=1

as 1.0

r(t) 08T () |
()

0.6 2 .

04 1

0.2 .

0.0 | | |
Po 00 02 04 06 08 1.0

Farouki



Formulacao geométrica Bézier (Renault, 1967)

n
ponto + deslocamentos:  B(t) =po + Z fe(t) ax
k=1

m f)7 polinmio de grau n

m f7(0) =0

m (1) =1

m (f)0)=0, r=1,...,k—1

m (f)M(1)=0, r=1,....n—k

Laurent-Sablonni&re

interpolacdo de Hermite—Birkhoff

Onésime Duran



Formulacao geométrica Forrest (1972)

a,

B(t) = po+ 2 i_; fR(t)ax a
Px = Po+ Z;;l aj poligono de controle
Ak = Pk —Pk-1
n a,
B(t) = Z B (t) px curva de Bézier
k=0
BL‘(’E) = fL‘(t)—fL‘H(t)
Po

Farouki

Bp(t) = (2) (1—t)™*t* polinémios de Bernstein



Curvas de Bézier

B%(t) = po

B'(t) = (1—t) po+ tps Py P,

B?(t) = (1 —t)?po + 2(1 — t)tpy + t* s

B3(t) = (1 —t)*po +3(1 —t)%*tpy +3(1 —t)t?po + t3ps demo



Polindmios de Bernstein

BR(t) = (n) (1—pn ke

k
n
01
11—t t
2 1 (1—-1)2 21—t)t t2
3((1—1)°% 3(1—t)*t 3(1—t)t® t3
k|0 1 2 3

o
o




Polindmios de Bernstein

BR(t) = (n) (1—pn ke

k
n
01
11—t t
2 1 (1—-1)2 21—t)t t2
31(1—1)°% 3(1—t)*t 3(1—t)t2 t3
k|0 1 2 3

o
o




Polindmios de Bernstein

BR(t) = (“) (1—pn ke

k
n
01
11—t t
2 [ (1—1)?2 21—ttt t2
31(1—1)°% 3(1—t)*t 3(1—t)t2 t3
k|0 1 2 3




Polindmios de Bernstein

BR(t) = (“) (1—pn ke

k
n
01
11—t t
2 [ (1—1)?2 21—ttt t2
31(1—1)°% 3(1—t)*t 3(1—t)t2 t3
k|0 1 2 3




Polindmios de Bernstein

BR(t) = (“) (1—pn ke

k
n
01
11—t t
2 [ (1—1)?2 21—ttt t2
31(1—1)°% 3(1—t)*t 3(1—t)t2 t3
k|0 1 2 3




Teorema de aproximacao Weierstrass (1885)
Dada f € C[0, 1], para todo ¢ > 0 existe um polinémio p tal que

{f(t) —p(t)| < ¢ paratodote [0,1]



Teorema de aproximacao Weierstrass (1885)
Dada f € C[0, 1], para todo ¢ > 0 existe um polinémio p tal que
]f(t) —p(t)| < ¢ paratodote [0,1]
Equivalentemente, existe uma sequéncia de polinémios p,, tal que

lim pn, =f uniforme
n—o0



Teorema de aproximacao Weierstrass (1885)
Dada f € C[0, 1], para todo ¢ > 0 existe um polinémio p tal que
]f(t) —p(t)| < ¢ paratodote [0,1]
Equivalentemente, existe uma sequéncia de polinémios p,, tal que

lim pn, =f uniforme
n—o0

prova construtiva: Bernstein (1912)

B.(f)(t) = if(g) r(t) = lim By, (f) = f uniforme

n—oo

feCl = Im Bn(f)m = f uniforme

n—o00



Teorema de aproximacao de Weierstrass

Démonstration du théoréme de Weierstrass fondée sur
le ealeul des probabilités.

Je me propose d'indiquer une démonstration fort simple du théoréme
suivant de Weierstrass:

8i F(x) est wne fonction continue quelconque dans Vintervalle 01, 1l
est toujours possible, quel que petit que soit &, de déterminer un polynome
Eu(z) = agz" - ayz" 4. . .+ a, de degré m assez élevé, tel qu’ on ait

| F(2) — En(2)| <&
en tout point de Vintervalle considéré.

A cet effet, je considére un évenement A, dont la probabilité est
égale & z. Supposons qu'on effectue » expériences et que I'on convienne

de payer & un joueur la somme F (%), si I'évenement 4 se produit m

fois. Dans ces conditions, I'espérance mathématique E, du joueur aura
pour valeur
Bo="S 7 (™).0nam(1 —n
=3 (5) o o
Or, il résulte de la continuité de la fonction F () qu'il est possible
de fixer un nombre d, tel que l'inégalité
|e—2|<d
entraine
PR
F@)—F)| <33

de sorte que, si F(x) désigne le maximum et F(z) le minimum de F(z)
dans Vintervalle (z-—d, 4-d), on a

F@) —F@) <3, Fo)—F@ <. ®

Bernstein (1912)

— 2 —

Soit de plus 7 la probabilité de D'inégalité 12—77;—}‘> d, et Lle

maximum de | F'(z)| daus Dintervalle 01.
On aura alors

F@).(t —n)— L.y < By <F(2).(1—n)+L.7. @3)

Mais, en vertu du théoréme de Bernoulli, on pourra prendre =
assez grand pour avoir

n< liL )
L'inégalité (3) se mettra donc sucessivement sous la forme
F(a) + (Fl@)— F(2) = 9L+ F2)) <Ba< F(@) +(F(@) — F(@)) +9(L -F())
et ensuite

2L

2L . &
5<Ln<F($)+;+E5;

TiL

|F(x)— E,| <e (5)

Fa)— ;
donc

Or E, est manifestement un polynome de degré m.

Le théoréme est donc démontré.

J'ajouterai seulement deux remarques.

Les polynomes approchés F,(z) sont surtout commodes, il me semble,
lorsqu'on connait exactement ou apnoroximativement les valeurs de F(z)
pour z=%(m=0, 1, ..n).

La formule (1) et I'inégalité (5) montrent que, quelle que soit la
fonction continue F(z), on a

L om=nm
Fa)—=1lin'S F ~).0,’:‘x’"(1—z)"*".
n=m»§0 (”
8. Bernstein.



Polinbmios de Bernstein — base do espaco de polinGmios
n—k
npy (T _gnkgk (T EPRYY AL A
B = () -0 (k);( (")

base candnica = base monomial: 1,t,t2%,t3,..., tn



t2
t3

MO M- HAN M

[aaluy=alyaayaal

— -~
N M o ™M

N N — O

N A O O

Polinbmios de Bernstein — base do espaco de polinGmios



Polinbmios de Bernstein — base do espaco de polinGmios

e

MO M- HAN M

=+ L L mmmMm
— _ N~
- M M oM M M ™M
_ _

M O M O oM AN = O

N A O O




Polinbmios de Bernstein — propriedades

BN (t) = (“) (1— )"k tk

k
m BY(t) =B (1—1t) simetria
m B;(0)=0, Bg(l)=0, Bg(0)=1 Bh(l)=1 pontos extremos
m By (t) tem dnico maximo em [0, 1], em t =k/n unimodal
m By (t) >0paratel0,1] n3o negativo
[ Z Brt)=((1—t)+t)" =1 particdo da unidade
k=0
[ Z % Br(t) =t precisdo linear



Curvas de Bézier — propriedades

B(t) =) BR(t)p«
k=0
m B(t) =B(1-—-1t) simetria
Bpo,. ., pul(t) = Blpn, ..., pol(1 —1)
m B(0) = po, B(1) = pn pontos extremos
m a influéncia de pyx é maior perto de t =k/n unimodal
m B(t) é combinagdo convexa de py, ..., Pn ndo negativo
curva contida no fecho convexo + particdo da unidade
m B(t) é grafico de fungdo quando xx = k/n precisdo linear

segmento de reta se pontos de controle uniformemente espacados



Curvas de Bézier — invariancia afim

m Combinacdo afim
aip1+---+anpncoma;+---+an =1

m T transformacdo afim
Tlapr+ -+ anpn) = a1 T(p1) + -+ anT(pn)

m invariancia afim




Curvas de Bézier — invariancia afim

m Combinacdo afim
aip1+---+anpncoma;+---+an =1

m T transformacdo afim
Tlapr+ -+ anpn) = a1 T(p1) + -+ anT(pn)

m invariancia afim



Polindmios de Bernstein — recursao

BR(t) = (2) (1— kK



Polindmios de Bernstein — recursao

BN (t) = (D (1— )k tk (n: 1) - Gl) + (kT_l 1) Pascal



Polindmios de Bernstein — recursao

BN (t) = (D (1— )k tk (n: 1) - Gl) + (kT_l 1) Pascal

1
BE+1(t) — (n: ) (1 _ t)n+17k tk



Polindmios de Bernstein — recursao

BL(t) = <n (1—t)"ktk (n: 1) = Gl) + (kT_l 1) Pascal
+1 n+

= (Y e

( ) )t ktk+( n )(1_t)n+1—ktk

k—1

Bn+1

&~ 3



Polindmios de Bernstein — recursao

BL(t) = (E) (1—t)™kt" (nz 1) = Gl) + (kT_l 1> Pascal

1
BE+1(t) — (n]—l— ) (1 _ t)n+1fk tk

n il n el
_ (k) (1— )+ ktk+(k_1> (1—t)nrikik

=(1—1t) (E) (1—t)tk + t(ki 1> (1 — )kt gkt



Polindmios de Bernstein — recursao

BN (t) = (D (1— )k tk (n: 1) - Gl) + (kT_‘ 1) Pascal

1
BE+1(t) — (n: ) (1 _ t)n+1fk tk

n il n el
_ (k) (1— )+ ktk+(k_1) (1—t)nrikik

=(1—1t) (E) (1—t)tk + t(ki 1) (1 — )kt gkt

BRH(t) = (1 —1t) BR(t) + t By, (t) interpolacdo linear repetida



Curvas de Bézier — algoritmo de de Casteljau

BI(t) = (1 —t)BR(t) + t By (1) recursio




Curvas de Bézier — subdivisao adaptativa

BI(t) = (1 —t)BR(t) + t By (1) recursio

Farouki



Curvas de Bézier — presenca

grau PDF SVG JavaScript
1 ] [ [
2 o [ o
3 ® [ ()



Curvas de Bézier — elevacao de grau
B2[qo, qi1, q2] = B3[P0,P1,P2,P3] ?

m Bézier quadratica
y(t)=(1-1t2q+2(1-t)tqi +t*qs

. multiplicando por ((1—t)+1t) =1

m Bézier cibica
Y(t) = (1—=1)°po+3(1—t)°tps +3(1 —t)t?p2 + t*ps
Po=4do, P1= %CIO + %qu P2 = %qz + %‘h: P3 = Q2

m Bézier de graun

pe=01-tqe+tqe t=-



Curvas de Bézier — elevacao de grau
B?[qo, 91, 92 = B*[po, p1, P2, Pl ?

m Bézier quadratica
y(t) =1 —t)?qo+2(1-t)tq +t*q>

. multiplicando por ((1—t)+1t) =1

m Bézier clbica
Y(t) = (1—=1)°po+3(1—t)°tps +3(1 —t)t?p2 + t*ps
Po=4do, P1= %CIO + %qu P2 = %qz + %‘h: P3 = Q2

m Bézier de graun

pk:(l—t)qk—i‘tqkfl t:ni—b—l pntr s Bn



Curvas de Bézier — elevacao de grau



Curvas de Bézier — elevacao de grau



Curvas de Bézier — elevacao de grau

n=>5—6,1025



retalhos de Bézier



Retalho bilinear

m pontos de controle = vértices de quadrilatero
Poo, P10, Po1: P11

m interpolacdo bilinear
flu,v) = (1—u)(1 =v)poo +u(l =v)p1o+ (1 —wvpo +uvpn
u,ve[0,1]



Retalho bilinear

m pontos de controle = vértices de quadrilatero
Poo, P10, Po1: P11

m interpolacdo bilinear
flu,v) = (1—u)(1 =v)poo +u(l =v)p1o+ (1 —wvpo +uvpn
u,ve[0,1]

m paraboloide hiperbdlico

m superficie regrada curva
v(t) = f(t, t) é Bézier quadratica




Retalho bilinear

m pontos de controle = vértices de quadrilatero
Poo, P10, Po1: P11

m interpolacdo bilinear
flu,v) = (1—u)(1 =v)poo +u(l =v)p1o+ (1 —wvpo +uvpn
u,ve[0,1]

m formulagdo matricial

f(wv) = [Bh(w) Bilu)] [

Poo Po1 B(l)(V)
Pio Pu1 B}(V)

11
Z Z Bi( V) Pij produto tensorial

i=0 j=0



Retalho de Bézier retangular

m pontos de controle = vértices de grade (m + 1) x (n+ 1) de pontos
pijv i:O,...,m, jZO,...,TL

m produto tensorial de grau m+mn

Z Z B (u V) Pij u,v e [0,1]

i=0 j=0

m formulagdo matricial

By ()
fwv) = [Bpaw o BRw] | Por | 1
me pmn BR(V)



Retalho de Bézier bicubico

stackoverflow



Base de Bézier bicubica B (1, v) = BI™(W)BT(v)

o Ay A
NP LD
sy Qy &y L
o o o,




Retalho de Bézier — avaliacao via de Casteljau

p01 p02
Py,
P, P,
P,
P,
Pg p,,

Figure 13.15. Left: a biquadratic Bézier surface, defined by nine control points, p;;.
Right: To generate a point on the Bézier surface, four points p}- are first created
using bilinear interpolation from the nearest control points. Finally, the point surface
p(u,v) = p3, is bilinearly interpolated from these created points.

Real-Time Rendering, Akenine-Moller et al.



Composicao de retalhos de Bézier

Farin—-Hansford



Continuity

Continuity is now determined along each boundary edge between two patches.

C2 continuity:

(0 continuity: C' continuity:
Boundary points agree Adjacent edges equal A-frames

Ren Ng



LA B |

C0 continuity C' continuity C2 continuity

|

Lief Kobbelt



subdivisao



Curvas de subdivisao

m de Rham (1947, 1956)

m de Casteljau (1963)

m Chaikin (1974)

m Riesenfeld (1975)

m de Boor (1987)

cantos a 1/3

Bézier quadrética

cantos a 1/4

spline de Bézier quadraticas

Comer cutting always works



Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)




Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao T=1/4 Chaikin (1974)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)




Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)




Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao de Casteljau (1963)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)




Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisao T=1/3 de Rham (1947, 1956)



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo eT=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo eT=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo T=1/2



Curvas de subdivisdo eT=1/2



Superficies de subdivisdo

m Catmull-Clark (1978)
m Doo—Sabin (1978)

m Loop (1987)

m Stam (1998)

m Kobbelt (2000)

m Velho—Zorin, Velho—Gomes (2001)

quadrilateros
generaliza Chaikin
tridangulos
avaliacdo exata
/3 tridngulos

4-8



Superficies de subdivisdo Catmull-Clark (1978)

Pixar



Superficies de subdivisdo Catmull-Clark (1978)

Pixar



Superficies de subdivisdo Catmull-Clark (1978)

Pixar



Superficies de subdivisdo Catmull-Clark (1978)

Pixar



Catmull-Clark (1978)

Superficies de subdivisdo

4

O
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Real-Time Rendering, Akenine-Mdller et al.



Superficies de subdivisdo Catmull-Clark (1978)

Figure 13.47. The basic idea of Catmull-Clark subdivision. Each polygon generates a
new point, and each edge generates a new point. These are then connected as shown to
the right. Weighting of the original points is not shown here.

Real-Time Rendering, Akenine-Mdller et al.



Superficies de subdivisdo Doo-Sabin (1978)

Khan et al.



Superficies de subdivisdo Loop—DeRose (1990)




Superficies de subdivisao Loop—DeRose (1990)
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